Abstract. This paper gives a self-contained group-theoretic proof of a dual version of a theorem of Ore on distributive intervals of finite groups. We deduce a bridge between combinatorics and representations in finite group theory.
Introduction
Øystein Ore proved in 1938 that a finite group is cyclic if and only if its subgroup lattice is distributive, and he extended one side as follows, where [H, G] will be an interval in the subgroup lattice of the group G (idem throughout the paper).
Theorem 1.1 ([4]). Let [H, G] be a distributive interval of finite groups. Then there is g ∈ G such that Hg = G.
This paper first recalls our short proof of Theorem 1.1 and then gives a self-contained group-theoretic proof of the following dual version, where G (V H ) will be the pointwise stabilizer subgroup of G for the fixed-point subspace V
H (see Definition 3.1).
Theorem 1.2. Let [H, G] be a distributive interval of finite groups. Then there exists an irreducible complex representation
We deduce a bridge between combinatorics and representations:
Corollary 1.3. The minimal number of irreducible components for a faithful complex representation of a finite group G is at most the minimal length ℓ for an ordered chain of subgroups
It is a non-trivial upper bound involving the subgroup lattice only. These results were first proved by the author as applications to finite group theory of results on planar algebras [5, Corollaries 6.10, 6 .11].
For the convenience of the reader and for being self-contained, this paper reproduces some preliminaries of [1] and [5] .
2. Ore's theorem on distributive intervals 2.1. Basics in lattice theory. We refer to [7] for the notions of finite lattice 
We will give our short alternative proof of Theorem 1.1 by extending it to any top Boolean interval (see Lemma 2.1) as follows:
Proof. The proof follows from the claims below. and
The converse is false because S 2 , (1234) = S 4 whereas [S 2 , S 4 ] is not top Boolean.
Dual Ore's theorem on distributive intervals

Basics in Galois connections.
Definition 3.1. Let W be a representation of a group G, K a subgroup of G, and X a subspace of W . We define the fixed-point subspace
and the pointwise stabilizer subgroup
Proof. (1) and (2) are immediate. (1) and (4) we deduce that (1) 
, . . . , s} and h i,g ∈ H.
Let ·, · G be the usual normalized inner product of finite dimensional complex representations (up to equivalence) of a finite group G. 
Proof. The following proof is due to Tobias Kildetoft. Let 1 G H be the trivial representation of H induced to G. On one hand, it has dimension |G : H|, and on the other hand, this dimension is also
The first equality follows from Frobenius reciprocity. Proof. Direct by Frobenius reciprocity because V, W G = V, U K .
Lemma 3.8. Let [H, G] be an interval of finite groups, K ∈ [H, G] and U a finite dimensional complex representation of
(3) By (1) and Lemma 3.2(4), 
Definition 3.10. The interval [H, G] is called linearly primitive if there is an irreducible complex representation
V of G such that G (V H ) = H.
Lemma 3.11. A maximal interval [H, G] is linearly primitive.
Proof. By Lemma 3.6, there is a non-trivial irreducible complex representation V of G with V H = 0. By Lemma 3.2(4), H ⊆ G (V H ) . If G (V H ) = G then V must be trivial (by irreducibility), so by maximality 
A dual version of Theorem 2.4 is the following:
Proof. By Lemma 3.12, we can reduced to Boolean intervals. We make an induction on the rank of the Boolean lattice. The rank one case is handled in Lemma 3.11. Assume that it is true at rank < n. We will write a proof at rank n ≥ 2. Let K be a coatom of [H, G] . Then [H, K] is Boolean of rank n − 1, so by assumption, it is linearly primitive, thus there is an irreducible complex representation U of K such that
by Lemma 3.8(3). Thus, by the Boolean structure,
But K is a coatom of [H, G], so K ∁ is an atom and then
So there is an irreducible component V of W such that G (V H ) = H, and the result follows. Theorem 1.2 follows directly from Theorem 3.13 and Lemma 2.1.
A bridge between combinatorics and representations
We restate Corollary 1.3 by using the notation H i instead of H i because it will be more convenient for the proof. 
Proof. By Theorem 3.13 and Lemma 3.8(3), there are irreducible com-
So W is faithful with ℓ irreducible components. The result follows.
Note that this upper bound involves the subgroup lattice only. Proof. Let V be an irreducible complex representation of G such that
, it follows that ker(π V ) ⊆ H; but H is a core-free subgroup of G, and ker(π V ) a normal subgroup of G, so ker(π V ) = {e}.
By Lemma 4.3, we can improve the bound of Corollary 4.1 by taking for H 0 any core-free subgroup of H 1 (instead of just {e}), and we can wonder whether it is the right answer in general, in particular: It is true for any finite simple group S, because any proper subgroup M is core-free, and by choosing it maximal, [M, S] is Boolean of rank one. Moreover, we have checked by GAP [2] that it is also true for any finite group G of order less than 512. Remark 4.5. A normal subgroup N G is a modular element in L(G), see [6, p43] . If H is a subgroup of G such that ∀K ∈ (1, H] 
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